By introducing a boundary condition for the quantum wire, the Hubbard model is solved exactly by means of the Bethe ansatz. The wave function for the bounded state is clearly defined, and the secular equation for the spectrum is exactly obtained. The ground state and low-lying excited states are studied in the thermodynamic limit. The ground-state energy in the strong coupling limit is obtained explicitly, and compared with the results of a periodic boundary condition. [S0031-9007(97)05202-2] PACS numbers: 71.10. Fd, 03.65.Ge, 74.20.Mn, 75.10.Jm It is known that the behavior of a one-dimensional electronic system differs in many aspects from that of two-dimensional and three-dimensional systems [1] . The one-dimensional Hubbard model provides the opportunity to study correlation effects. There have been many discussions on the Hubbard model since the Lieb-Wu solution was found [2] . This solution is an exact result with a periodic boundary condition which can be thought of as on a ring. Because of the dramatic achievement in nanotechnology in recent years, the boundary effects of a sample will become more important. The Hubbard model on an open chain with completely confined ends was considered [3] . By adding some boundary field at the ends, the model was considered [4] and discussed [5] . The models [3] [4] [5] were easier and simpler as the wave function outside the wire is null. In the present Letter we study a more realistic model for quantum wires where the possibility of a nonvanishing wave function outside is taken into account. Using the Bethe ansatz and some other methods in the literature of integrable models, we obtain an exact result for the model Hamiltonian. The ground state and the low-lying excitations are studied in the thermodynamic limit. The ground-state energy in the strong coupling is shifted from the one for a periodic boundary condition in a small amount. Both the spinon excitation and the holon-antiholon excitation are gapless.
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We consider a quantum wire of length L described by the Hamiltonian
where C ia is the operator annihilating an electron with spin component a on site i, and n ia : C 1 ia C ia the localnumber operator of electrons. Clearly, it is a Hubbard Hamiltonian added with some terms which are defined outside of the wire. So the present model is different from either Hubbard ring [2] or the Hubbard chain with reflection ends [3] or with boundary fields [4, 5] . The V L and V R in (1) represent the kinetic energies which an electron must lose if it escapes out of the wire from the left end or the right end, respectively. Instead of a periodic or completely confined boundary condition, we will treat this model with a more physical boundary condition. It is convenient to consider the states that span a Hilbert space of N particles
The eigenvalue problem Hjc͘ Ejc͘ becomes an Nparticle quantum mechanical problem with the first quantized Hamiltonian,
where
, u͑x͒ the step function. The continuity limit of Eq. (2) concerns an equation in Ref. [6] . The number operator of electrons in the wire is defined asN P L͞2 i2L͞2 C 1 ia C ia , and that in the left side or the right side is given byN
ia C ia , respectively (summation also runs over spins a 1͞2, 21͞2). The total number operatorN t N L 1N R 1N always givesN t jc͘ Njc͘ in the Hilbert space of N particles. The boundary condition which will be used to determine the spectrum reads
The Schrödinger operator (2) is invariant under any permutation of S N , but is not invariant under translation. Thus the total momentum of the system is not conserved, and the reflective waves must be taken into account. The wave function of the Bethe ansatz forms in the region
. . , a QN ͒, a j stands for the spin component of the jth particle; Pk (or Qx) is the image of a given 
where 2c U͞t. Equation (5) 
where iu͑k͒ ln͓͑e k1ik 2 1͒͑͞e k2ik 2 1͔͒ with 2t
One may notice that the condition (3) does not give any constraints directly on c but gives that on c L and c R . In deriving (6) we have considered the wave functions outside of the wire, which actually vanishes in [3] but does not in the present case. The wave function in the region 
where h j sin͑Pk͒ j . This relation guarantees the consistency for any reflection ͑k 1 , .
The eigenvalue problem (7) can be diagonalized by means of the Sklyanin approach [9] , in which the transfer matrix is defined as t͑a͒ tr R 21 L ͑a͒T 1 ͑a͒R R ͑a͒T 2 ͑a͒, where T 7 ͑a͒ T AN ͑a 7 a N ͒ · · · T A2 ͑a 7 a 2 ͒T A1 ͑a 7 a 1 ͒, and
End means endomorphism. The Bethe ansatz equations are obtained as follows:
where Q b ͑x͒ : 2 tan 21 ͑x͞bc͒, 2p , tan 21 ͑x͒ # p.
The quantum numbers of both the quasicharge and quasispin, I j and J m , take integer values regardless of N 2 M being even or odd. Equation (8) becomes the result of Ref. [3] in the limit V L,R !`. We consider the thermodynamic limit by introducing the densities (distribution function) of roots, r͑k͒ and s͑l͒, and that of holes r h ͑k͒ and s h ͑l͒. Then the secular equations (8) become the following coupled integral equations:
where K b ͑x͒ : p 21 bc͑͞b 2 c 2 1 x 2 ͒ and a notation F͑x j y͒ : ͓F͑x 2 y͒ 1 F͑x 1 y͔͒͞2 is used here and from now on. The B and D are determined from the conditions
where the factor 1͞2 is necessary [10] .
The ground state of the present model is a Fermi sea described by r 0 ͑k͒ and s 0 ͑l͒, where r 0 ͑k͒ is the distribution function of charge with momentum k and s 0 ͑l͒ that of down spins with respect to the rapidity l. The distributions of the roots satisfy (9) with r h d͑0͒͞L, s h 0, and B `. The energy of the ground state can be calculated once r 0 ͑k͒ is known. In this case, the distribution functions are solved in a closed form by Fourier transform,
where we have used the following definitions:
Obviously, S 1 ͑x͒ is the conventional hyperbolic function sech͑x͒ which occurs in Lieb-Wu solution.
Equations (11) can be solved explicitly in some special cases. In the strong coupling limit c ¿ 1, it is simplified to
where 2pr b ͑k͒ d͓u L ͑k͒ 1 u R ͑k͔͒͞dk arises from the boundary contribution at the ends of the wire. The D 0 is completely determined from the explicit form (12); hence the energy density of the ground state is obtained
which vanishes when V L,R !`. It is worthwhile to compare (13) with the result in the case of periodic boundary condition. The difference is calculated,
where E per 0 stands for the ground-state energy with periodic boundary condition. Clearly, the difference is relatively small for a large system which agrees with the common understanding about the effects of a boundary condition.
